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Abstract. We obtain many subordination and superordination results, using a new 
operator B% f by means of the normalized form of the generalized Bessel functions of 
first kind, which is defined as 

z [B c K+1 f(z)]' = kB c J(z) - (« - l)B c K+1 f(z) 

where b, c, p £ C and k — p + (b + l)/2 $5 Zq . These results are obtained by investigat- 
ing appropriate class of admissible functions. Sandwich-type results are also obtained. 
Various known or new special cases of our results are also pointed out. Moreover we give 
a positive answer to an open problem proposed by Andra and Baricz [5]. 



1. Introduction, definitions and preliminaries 

Let ft (U) be the class of functions analytic in IA = {z £ C : \z\ < 1} and fi[a, n] be the 
subclass of fi (IA) consisting of functions of the form f(z) = a + a n z n + a n+ iz n+l + with 
Ho = TA[0, 1] and Hi = %[1, 1]. We denote by A the class of all functions of the form: 

oo 

(1.1) f(z) = Z + J2*n+lZ n+1 

n=l 

which are analytic in the open disc IA. Let / and F be members of % (U) . The function / 
is said to be subordinate to F, or F is said to be superordinete to /, written symbolically 
as 

f<F or f{z)<F{z) (zeU), 

if there exists a Schwarz function w(z), is analytic in IA (with w(0) = and |u>(,z)| < 1 in 
IX) such that f(z) = F(w(z)), z G IA. In particular, if the function F is univalent in IA, 
then we have the following equivalence: 

/(*) -< F(z) (z G IA) & /(0) = F(0) and f{U) C F{IA). 

Let us consider the following second-order linear homogenous diffeerential equation (see, 
for details, [7j): 

(1.2) z 2 uj"{z) +bzu:'{z) + [cz 2 -p 2 + (1 - b)p] oj(z) = 0, (6,c,p€C) 

The function uj p ^ tC (z), which is called the generalized Bessel function of the first kind 
of order p, is defined a particular solution of (jl.2p . Function aj p ^ tC (z) has the familiar 
representation as follows 

< L3 > ^,M = E n!r(i , + L7 (l , + i)/2) (I)"- 2£C - 

n=0 
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where T stands for the Euler gamma function. The series (|1.3p permits the study of Bessel, 
modified Bessel and spherical Bessel functions all together. It is worth mentioning that, 
in particular, 

• For b = c = 1 in (|1.3p , we obtain the familiar Bessel function of the first kind of order 
p defined by (see [26] ; see also [7]) 

v 1 v\ ) nlT(p + n + l) \2J 

n=0 ^ ' 



• for 6=1 and c = — 1 in fjl .3|) , we obtain the modified Bessel function of the first kind 
of order p defined by (see [26]; see also [7]) 

E V 1 / 7 \ 2n+p 

— — -p -(-) , zGC, 
n\T(p + n + l) \2J 

n=0 

• for b = 2 and c = 1 in (jl.3p , the function uj Pi b,d reduces to \[2j p {z)/ y/ir where j v is 
the spherical Bessel function of the first kind of order p, defined by (see [7J) 

n=0 

In [11], authors considered the function (p p £^( z ) defined, in terms of the generalized 
Bessel function ui P) b,d(z), by the transformation 

(i-7) <p Ptb , e (z) = 2T L + *±±) z 1 -^^). 

By using the well-known Pochhammer symbol (or the shifted factorial) (A)^ defined, for 
A, (J, G C and in terms of the Euler T— function, by 

_ T(A + ^) _ / 1 ( M = 0; AGC\{0}) 



T(A) \ A(A + 1)...(A + n - 1) (fj, = n G N; A G C) , 

it being understood conventionally that (0)o := 1, we obtain the following series represen- 
tation for the function ^p p ^,d{ z ) given by (|1 .7|) : 

n=l V /ti V 

where N := {1,2,3,...} and := {0,-1,-2,...}. For convenience, we write ip KC {z) := 

For / G A given by (jl.ip and 5(2;) given by g(z) = z + X^^Li ^n+i-z n+1 ; the Hadamard 
product (or convolution) of / and g is defined by 

00 

(/ * g){z) :=z + Y, a n+1 b n+1 z n+1 =: (g * f)(z), (z G U) . 

n=l 

Note that / * g G A. For aj G C (j = 1,2,..., q) and ^ G C\Z (j = 1,2,..., a) , the 
generalized hypergeometric function q F s ( a%, a 9 ; /3 1 , f3 s ; z) is defined by the following 
infinite series (see |18|-|22|): 



P l R R \ - (Ctl)n--{a q )n Z 

ai ,...,a q ,p lt ...,p a ,z) ^ n 
+ g,seN o = NU{0}). 
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Dziok-Srivastava |13j (also see, p3]) considered a linear operator 

H( ai,...,a q ; :A^A, 
denned by the Hadamard product 

(1.9) H( ai,...,a g ;ft,...,ft)/(z) = z q F s ( ai, ...,a g ;ft, ...,ft;z) * f(z). 

{q < s + 1; q, s G N = N U {0}; z £ U) 
If / € A given by (jl.ip . then we have 

ff( ai, ft, ft)/(z) = z + f; ( " 1 j w -^' ?)n la n+ i^ +1 , (z € W). 

n=1 vPlJn-'-lPsJn n - 

To make the notation simple, we write 

Hg[ai] = H( ai,...,a g ;ft,...,ft). 
Now, by using the above idea of Dziok-Srivastava we introduce B C K — operator as follows: 
(1-10) B c J(z) = <f K>c (z)*f(z) 

~ (-c)"a n+1 
Z 2^ 4 n f«)„ n! 

n=l v ln 

It easily verify from the definition (jl.lOp that 

(1-11) * = «5«/(z) - (« - l)^ +1 /(z) 

where K = p+(6 + l) / / 2 ^ Z^~. In fact the function B c K f given by (jl.lOp is an elementary 

transform of the generalized hyper geometric function, i.e. it is easy to see that B c K f(z) = 

ZqFx{ k; =£z) * f(z) and also <p K)C (=£z) = z Ft( k; z). 

In special cases of B C K — operator we obtain following new operators: 
• Choosing 6 = c = 1 in (jl.lOp or (jl.lip we obtain the operator J p : A— >A related 

with Bessel function, defined by 

(1.12) 

j P m = <p P ,i,i(z) * m = 2VT( P +i)z i -^j p (^) *f( Z ) = z+^2 [ - i n+iz 

and its recursive relation 

z[J p+1 f(z)]' = (p+l)J p f(z) -pj p+1 f(z). 

• Choosing 6 = 1 and c = — 1 in (|1.10p or (jl.lip we obtain the operator I p : A—> A related 
with modified Bessel function, defined by 

oo 

(1.13) X p f{z) = ^_ l {z)= ^PT(p+l)z 1 -^ 2 I p (V~z)]*f(z) = z + Y,^f T ' 

n=l ^ 

and its recursive relation 

z [Xp+if(z)]' = {p+ l)Xpf(z) - pl p+ if{z). 

• Choosing 6 = 2 and c = 1 in (jl.lOp or (jl.lip we obtain the operator S p : A— >A related 
with spherical Bessel function, defined by 

(1.14) 

S p f(z) = [.-VV+V^r (p + 3/2) z^l%^)] * Hz) = z + g 4 nV+V2) w V 

and its recursive relation 

z [S p+1 f(z)}' = (p + 3/2)S p f(z) - (p + l/2)<S p+1 /(z). 



n+l 
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To prove our results, we need the following definitions and theorems. 

Definition 1.1. [|16]. Definition 2.2b, p. 21} Denote by Q the class of functions q(z), 
which are analytic and injective onU\ E(q), where 

E{q) = \ C '■ C £ dU and limg(z) = oo > , 

I *->c J 

and are such that q'(C) / (( £ dU \ E(q)). Further let the subclass of Q for which 
g(0) = a be denoted by Q(a), Q(0) = Q and Q(l) = Q 1 . 

Definition 1.2. [[16], Definition 2.3a, p. 2l\ Let n be a set in C, q G Q and n G N. The 

class of admissible functions ty n [Q, q] consists of those functions ifi : C 3 x U — > C that 
satisfy the following admissibility condition: 

ip(r, s, t; z) ^ O 

u>/jenei>er 

r = q{(), s = k(q'(() and + 1 J > m + l) 

C G dU\E{q); k > n) . 

We write ^\ [SI, simply as ^> [tt, q] . 

In particular when q(z) = M^±f , with M > and |a| < M, then = U M ■= 

{w : \w\ < M } , g(0) = a, -E(g) = and q G Q. In this case, we set Vf^ffi, M, a] : = 
\£ n [fi, 5], and in the special case when the set f2 = Um, the class is simply denoted by 
U M [M,a]. 

Definition 1.3. [[H], Definition 2, p. 817] Let Q, be a set in C and q G H [a,n] with 
q'(z) ^ 0. The class of admissible functions [fi, q] consist of those functions 

ip : C 3 x U -> C 

t/iat satisfy the following admissibility condition: 

ip(r,s,t;q) G SI 

whenev er 

r = q(z), s= Z -^ and K ( * + l") < i^K f ^ + 1 
m \s J m \ q {z) 

(zeU; sedU; m>n>l). 
We write ^ [Q, simply as [£l,q] . 

For the above two classes of admissible functions, Miller and Mocanu [16], [T7] proved 
the following results. 

Lemma 1.1. [[16], Theorem 2.3b, p. 28] Let V G ^ [£!,<?] urai/i q(0) = a. If the ana- 
lytic function p(z) = a + a n z n + a n+ iz n+l + ... (z G satisfies the following inclusion 
relationship: 

i(>(p{z),zp'(z),z 2 p"{z);z) G ft, 

then 

p(z)<q{z) (zeU). 
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Lemma 1.2. [[17]. Theorem 1, p. 818} Let ip G *' n [f2,g] g(0) = a. If p G Q(a) and 
f/j (p(^), zp'(,z), z 2 p"(z); z) is univalent inU, then 

n C {ip (p(z), zp'(z), z 2 p"(z); z) :zeU} 

implies that 

p{z)<q(z) (zeU). 

For further result on this transformation of the generalized Bessel function we refer to 
the recent papers (see [51 El [7J El El [231 IM] ) ; where among other things some interesting 
functional inequalities, integral representations, application of admissible functions, exten- 
sions of some known trigonometric inequalities, star likeness and convexity and univalence 
were established. Very recently, Deniz et.al. [TT] and Deniz [T2] interested the univalence 
and convexity of some integral operators defined by normalized form of the generalized 
Bessel functions of the first kind given by (|1.8|) . 

In the present paper, by making use of the differential subordination and differential 
superordination results of Miller and Mocanu [[16] . Theorem 2.3b, p. 28], we determine 
certain classes of admissible functions and obtain some subordination and superordination 
implications of analytic functions associated with the operator defined by (|1.10|) . 
together with several sandwichtype theorems. As an application, a positive answer is 
given to an open problem proposed by Andras and Baricz [5] concerning a subordination 
property of Bessel functions. We remark in passing that a similar problem involving 
Schwarzian derivatives was considered by Ali et al. [2J. Moreover, in recent years, several 
authors obtained many interesting results involving various linear and nonlinear operators 
associated with differential subordination and differential superordination [U [2j [31 01 flOl 
US [25]. 



2. Subordination results involving the operator 

We begin this section by proving a differential subordination theorem involving the 
B C K — operator defined by (jl.lOp . For this purpose, we need the following class of admissible 
functions. 

Definition 2.1. Let Q, be a set in C and q(z) G QoDTIq . The class of admissible functions 
&H[Q,q] consists of those functions (j> : C 3 xU — > C that satisfy the admissibility condition 

4>(u, v, w; z) 0, 

whenever 

u = q{Q, v = (k G <L, k^O, 1) 



and 



1 vk — (k — l)u J [ q'(C) 



(z£K; CG dU\E(q); k > 1) . 
Theorem 2.1. Let G <J>#[f2, g]. If f G A satisfy the following inclusion relationship: 
(2-1) {cf>(B c K+l f(z),B c J(z),B c K _J(z);z):zeU}cn, 
then 

B c K+1 f(z)~< q (z) (zeU). 
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Proof. Define the analytic function p(z) in IA by 
(2-2) p(z)=B c K+1 f(z). 

Then, differentiating (|2.2p with respect to z and using the recursive relation (jl.lip . we 
have 

(2.3) mm = *m±i!^m. 

Further computations show that 

zp"(z) + 2(k - l)zp'(z) + (k- 1)(k - 2)p(» 



< 24 » „(.-!) 
We now define the transformations from C 3 to C by 

/oc , s + («-l)r , i + 2(/c-l)a + (K-l)(«-2)r 
(2.5) u = r, v = and w= . 

K k{K — 1) 

Let 
(2.6) 

s + («- l)r t + 2(k - l)s + (« - 1)(« - 2)r 



V>(r, s, i; z) = 4>(u, v, w; z) = <j>\ r, , ; z 

\ K K{K — 1) 

Using equations f)2.2|) - (|2.4j) . and from ()2.6j) . we get 

(2.7) iP(p(z), zp'(z), z 2 p"(z);z) = <j> {B c K+1 f(z), B C J %z) , B C K _J >(z); z) . 

Hence (|2.1|) assumes the following form: 

^{p{z),zp'{z),z 2 p"{z);z) G n. 

The proof is completed if it can be shown that the admissibility condition for (p G &h[Q, q] 
is equivalent to the admissibility condition for as given in Definition 11.21 Note that 

* +1= «("-l)">-(«-2)(«-l)" -(2.-3), 

S VK — [K — l)U 

and hence ^ G ^[0, q 1 ]. By Lemma ll.lt we have 

p(z) ~< q(z) or B c K+1 f(z) ~< q(z) 
which evidently completes the proof of Theorem 12.11 □ 

If 17 7^ C is a simply connected domain, then O = h(U) for some conformal mapping 
h(z) oiU onto f2. In this case the class $#[7i(W),g] is written as q]. 
The following result is an immediate consequence of Theorem 12.11 



Theorem 2.2. Let <p G [/i, <?] . If f £ A satisfy the following inclusion relationship: 

(2-8) {B c K+1 f(z), Blf{z),B c K _ l f{z) ] z) < h(z), 

then 

Bl +1 f{z)<q{z) (zeU). 

Our next result is an extension of Theorem 12.11 to the case where the behavior of q{z) 
on dli is not known. 

Corollary 2.3. Let !!cC and let q{z) be univalent in U with q(0) = 0. Let <p G <&#[fi, q p ] 
for some p G (0, 1), where q p (z) = q(pz). If f G A satisfy the following inclusion relation- 
ship: 

4>{B c K+1 f{z),B c J{z),B' k _ 1 f{z)-z) GO, 

then 

B c K+1 f(z)^q(z) (zeU). 
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Proof. We note from Theorem 12.11 that 

Bl +l f{z)<q p {z) (ZEU). 

The result asserted by Corollary 12.31 is now deduced from the following subordination 
relationship: 

q p (z)~<q(z) (zeU). 

□ 

Theorem 2.4. Let h(z) and q{z) be univalent in IA with g(0) = and set q p {z) = q{pz) 
and h p (z) = h(pz). Let <fi : C 3 x IA — > C satisfy one of the following conditions: 

(1) <j) G $ H [Q,qp\ for some p G (0,1), or 

(2) there exists p G (0, 1) such that 4> G $H[hp, q p ] for all p G (p , 1). 

If f £ A satisfy i flOj) . t/ien 

££h/(*H<Z(*) (*€W). 

Proof. The proof is similar to the proof of [[16J , Theorem 2.3d, p. 30] and is therefore 
omitted. □ 



The next theorem yields the best dominant of the differential subordination (|2.8p . 

Theorem 2.5. Let h{z) be univalent inU and <ft '■ C 3 xlA — > C. Suppose that the differential 

equation 

(2.9) 

g(z), , ;z = h{z) 



K k(K — \ t 

has a solution q(z) with q(0) = and satisfies one of the following conditions: 

(1) q{z) G Q and(j>e $ H [h,q] 

(2) q(z) is univalent in IA and 4> G $H[h, q p ] for some p G (0, 1), or 

(3) q{z) is univalent in IA and there exists p G (0, 1) such that <fi G <&H[h p , q p ] for all 

P G (PoA)- 

If f G A satisfy (TO) , t/ien 



and g(z) is i/ie best dominant. 

Proof. Following the same arguments as in [|16|. Theorem 2.3e, p. 31], we deduce that q{z) 
is a dominant from Theorems 12.21 and 12.41 Since q(z) satisfies (|2.9p . it is also a solution 
of (|2.8p and therefore q(z) will be dominated by all dominants. Hence q(z) is the best 
dominant. □ 

In the particular case q{z) = Mz; M > 0, and in view of Definition 12.11 the class of 
admissible functions &h[Q,q], denoted by 3>i/[fJ, M], is described below. 

Definition 2.2. Let Q be a set in C and M > 0. The class of admissible functions 
&h[£1, M] consists of those functions 4> ■ C 3 x U — > C such that 

(2 . 10 ) 4, (Me'", H '"-" M e« ^ + ( K -l)(2 t + : -2)Me.° ;z \ 



fc k(k — 1) 

whenever z G W, « G C (« ^ 0, 1) and 5R(Le~* e ) > (fe - l)fcAf /or a// G M, fe > 1. 
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Corollary 2.6. Let (ft £ M]. If f E A satisfy the following inclusion relationship: 

( ft{B c K+1 f(z),B c J(z),B^ 1 f(z);z)en, 

then 

Bl +l f(z)<Mz (zeU). 

In the special case f2 = {w : \w\ < M} = q(U), the class $if[0,M] is simply denoted 
by &h[M]- Corollary 12.61 can now be written in the following form: 

Corollary 2.7. Let (ft £ <3?#[0,M]. // / E A satisfy the following inclusion relationship: 

U {B c K+l f{z),B c J{z),B c K _ l f{z)-z) | < M, 



then 



\B c K+1 f(z)\<M. 



Corollary 2.8. Let >^-^~, k > 1 and M > 0. If f E A satisfy the following inclusion 
relationship: 

then 



\B c J(z)\ < M, 



\Bl +1 f{z)\<M. 
Proof. This follows from Corollary 12.71 bv taking <ft(u, v, w; z) 



□ 



Taking into account the above results, we have the following particular cases. 
For f(z) = z/(\ — z) in Corollary 12.81 we have 



(2.11) 



WkJ?)\ < M => Wk+iAz)\ < M. 



This result is generalization of result given by Prajapata |23j . 

Also observe that ^3/2,1,1 ( z ) = 3s ^^ — Scosy'z, ^1/2.1,1 = V^sin y/z and y_i/2,i,i = 
zcos \fz where (p p & c (#) is given by (jl.8p . Thus we can obtain some trigonometric inequal- 
ities for special cases of parameters p, b and c. For example from (|2.1ip . we have 



: cos y/z\ < M => I sin y/z\ < M 



sm vz 



COS \/Z 



< 



M 



Corollary 2.9. Let / k £ C and M > 0. If f € A satisfy the following inclusion 
relationship: 

\B c J(z)-B c K+1 f(z)\<^, 



then 



\B c K+1 f(z)\<M. 



Proof. Let (ft(u,v,w; z) = v — u and f2 = h(U) where h(z) = M*.^ M > 0. In order to use 
Corollary 12.61 we need to show that (ft £ <1?#[S1,M], that is, the admissibility condition 
([2.10p is satisfied. This follows since 

fc+(«-l) Mc ^ L + {K-l){2k + K-2) Me" 



(k - l)Me' 



K 

M 
> — 
\k\ 



k(k — 1) 



whenever z £ U, 8 6 M and k > 1. The required result now follows from Corollary 12.61 □ 
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Observe that ^3/2,1,-1 ( z ) = 3cosh \/z— 3siI ^y^ , ^1/2,1,-1 = sinh -^/^ and ^-1/2,1,-1 = 
zcosh-y/i where (f P ,b,c( z ) ^ s given by (|1.8|) . Morever if we take /(z) = 2/(1 — z), b = 1, 
c = —1; p = 1/2 and p = — 1/2 in Corollary 12,91 respecively, we have 



(z — 3) sinh yfz 



3 cosh \fz 



< 



2M 



sinh \fz 



cosh 



< 



M 



and 



I z cosh y 7 ^ - \/isinh < 2M =4> jv^sinh sfz\ < M. 
Theorem 12.51 shows that the result is sharp. The differential equation 

zq'(z) = Mz 

has a univalent solution q(z) = Mz. It follows from Theorem 12.51 that q{z) = Mz is the 
best dominant. 

Definition 2.3. Let Q be a set in C and q{z) G QiCiTii . The class of admissible functions 
<&H,i[Q,q] consists of those functions (ft : C s xU — > C that satisfy the admissibility condition 



4>(u, v, w;z)^VL 



whenever 



1(0, v 



K — 1 



k(q'(C) 
?(C) 



+ «g(C)-l («GC, k± 0,1,2, g(C) # 0), 



and 



3? 



(k — l)-u [(k — l)(w — v) + 1 — w] 



[2ku - 1 - (k - 1)«] > A;K 



Cg"(C) 
?'(0 



+ 1 



(« — l)f + 1 — KU 

Ce dU\E{q); k > 1) . 
Theorem 2.10. Zei G 3>.ff,i[^, If f £ A satisfy the following inclusion relationship: 

B c J(z) B c K _J(z) B c K _ 2 f(z) 



(2.12) 
then 



B c K+l f{zY B-f(z) 'B^Jiz) 
B c J(z) 



;z) : z G U > C O, 



-< o(z) (zGU). 



B c K+1 f(z 

Proof. Define the analytic function p(z) in by 
(2.13) ^ K,/v 



Then, differentiating (|2.13p with respect to 2 and using (jl.lip . we have 



(2.14) 



B C K -J(z) 
B c J(z) 

Further computations show that 
(2.15) 

B%- 2 f{z) 1 / 



K — 1 



zp'(z) 
P(z) 



+ Kp(z) - 1 



zp'(z) z\"{z) (zp'(z)y , ( , 



P{z) 
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We now define the transformations from C 3 to C by 
(2.16) 

1 ( s A 1 I s o f + f-(f) 2 + ksV 

u = r, v = — h Kr — 1 and w = — h nr — I + 



k — 1 \r J k — 2 \ r - + nr — 1 

\ r 

Let 

(2.17) iP(r,s,t;z) 

= (p(u,v,w;z) 

= 4> r, ( - + «r - 1 1 , - + Kr-2 + ^ ' ' 1 • ■ 



k — 1 V r / k — 2 \ r — h — 1 



r 



Using equations f|2. 13^ - f)2. 15[) . and from (|2.17p . we get 

(2.18) ^ W ,^ W ,,p (,);,) = ^_^,_ 7?T ,_ mi , 

Hence (|2.12p implies 

i/j(p(z),zp'(z),z 2 p"(z);z)en. 

The proof is completed if it can be shown that the admissibility condition for G ^j^iffi, g] 
is equivalent to the admissibility condition for tp as given in Definition 11.21 Note that 

t - + l= {K - 1)v } {K -' ){w - v) + 1 - w] - [2KU _ 1 _ {K _ 1)v]: 

S [K — l)V + 1 — KU 

and hence ip G ^[£1, q]. By Lemma ll.lt we have 

B c J(z) 

p(z)~<q(z) or r>c \ t \ ■<<!(*) 

which evidently completes the proof of Theorem 12.101 □ 

In the case where f2 7^ C is a simply connected domain with Q, = h(U) for some 
conformal mapping h(z) of IA onto £1. In this case the class §>H t i[h(U), q] is written as 

The following result is an immediate consequence of Theorem 12.101 
Theorem 2.11. Let (f> G §>jj t i[h,q\. If f G A satisfy the following inclusion relationship: 

then 

In the particular case g(z) = 1 + Mz; M > 0, the class of admissible functions &h,i[Q, q] 
is simply denoted by $>h,i[Q, M]. 

Definition 2.4. Let $7 be a set in C, and M > 0. T/ie cZass 0/ admissible functions 
3>if,i[T&, M] consists of those functions <p : C 3 x £Y — >• C swc/i i/iai 

/ m fc + 4l + Me !fl ) ,„ k + K(l + Me id ) ,„ 

v ; (k- l)(l + Me je ) (K-2)(1 + Me !e ) 

(M + e~ ie ) [Le~ ie + (1 + n)kM + KkM 2 e i0 ] — k 2 M 2 \ 
+ (k- 2)(M + e" ie ) [(k - l)e~ iB + kMV 6 + (1 + k + 2/e)Af] J * 

whenever z G W, k G C (re ^ 0, 1, 2) and K(Le~ ie ) > (Jfe - l)fcAf /or a// G R, > 1. 
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Corollary 2.12. Let <p £ $#-i[f2,M]. If f G A satisfy the following inclusion relationship: 

B c J(z) B°_J(z) B° K _ 2 f(z) t 



then 



B% +l f{ Z y B%f{z) 'Bl_J(z) 
B c J(z) 



B c K+l f(z) 



\<Mz (zeU). 



In the special case fl = {w : \w — 1| < M} = q(U), the class f&^iff^M] i s simply 
denoted by <&#i[-M], and Cor pilar v 1 2 . 1 2 1 1 akes following form: 

Corollary 2.13. Let (f) G S^ifM]. If f £ A satisfy the following inclusion relationship: 

B c J(z) B c K _J(z) B%_ 2 f{z) 



then 



B% +l f{ z y b-j(z) 'Bi_j(zy 

B c J(z) 



z -1 



< M, 



B c K+1 f(z) 



1 



< M. 



Corollary 2.14. Let k 6 C (k / 1) and M > 0. If f £ A satisfy the following inclusion 
relationship: 



BUm B%f{z) 



then 



Bcf(z) B c K+1 f(z) 
B c J(z) 



< 



\k-1\ (1 + M)'' 



< M. 



B c K+l f(z) 

Proof. This follows from Corollary 12.121 by taking 4>(u, v,w; z) = v — u and = h{U) 
where h(z) = \ k _i\(i + m) , M > 0. In order to use Corollary 12.121 we need to show that 
4> £ <&h,i[Q, M], that is, the admissibility condition (|2.20p is satisfied. This follows since 



\4> (u, v,w; z)\ 



1 + 



k + k(1 + Me 
(K-l)(l + Me !fl ; 



Me ie - 1 - Me 1 



M 
k - II 



1 + Me 



i0 



> 



M 



k- 11 



k-l-M 



l + M 



> 



M 2 



\k-1\ (l + M) 

whenever z £ U, 9 £ M, k G C (k 7^ 1) and > 1. The required result now follows from 
Corollary E121 □ 

Definition 2.5. LetVt be a set in C and q(z) £ Q1P1H1 . The class of admissible functions 
^#,2 [Pi consists of those functions <p : C 3 xU — > C f/mf satisfy the admissibility condition 



whenever 



and 



u = g(C), v 



Kg'(C) + ««(C) , 



K G C, K ^ 0,1) 



ft 



(re — l)(w — w) 



+ (1 - 2k) \ > k$i 



v — u 

(z£U; C G dU\E(q); k > 1) . 



1 s'K 
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Theorem 2.15. Let <j) E $>H,2[QyQ]- If f £ -A satisfy the following inclusion relationship: 



then 



<q{z) (zeU). 



z 

Proof. Define the analytic function p(z) in IA by 

B c K+1 f(z) 



(2.22) p(z) 
By making use of (jl.lip and (|2.22|) , we get 

Z K 

Further computations show that 

(2 24) = V / (^) + 2^p / (z) + K( K -l)p(z) 

[ ' ' z «(« — 1) 

Define the transformations from C 3 to C by 

. „. s + nr t + 2ks + k(k - l)r 

(2.25) u = r, v = and u; = 7 r . 

K K[K — 1) 

Let 

s + nr t + 2ks + — l)r 



(2.26) ip(r, s, t; z) = cj)(u, v,w;z) = (j) [ r, 



k(k — 1) 



The proof shall make use of Lemma 11.11 Using equations (|2.22p , (|2.23p and (|2.24p , from 
(pT26j) we obtain 



B c K+l f{z) B%f(z) Bc_J(z) _ 

1 1 1 & 



(2.27) Tjj(p(z),zp'(z),z 2 p"(zy,z) = <t> 
Hence (|2.2ip becomes 

4,(p(z),zp'(z),z 2 p"(z);z) e Q. 

The proof is completed if it can be shown that the admissibility condition for <p £ ^H,2^P-i q] 
is equivalent to the admissibility condition for as given in Definition 11.21 Note that 

t - + l= {K - 1){w - U) +(l-2n), 
s v — u 

and hence ip G q]. By Lemma 1 1.11 we have p(z) -< q(z) or 

— < i(z). 

□ 

If Q 7^ C is a simply connected domain, then f2 = h(U) for some conformal mapping 
h(z) oilA onto f2. In this case the class &H,2[h(p(),q] is written as $H,2[h, q]. 
The following result is an immediate consequence of Theorem 12.151 
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Theorem 2.16. Let (j) G $>H,2[h,q\- If f € A satisfy the following inclusion relationship: 



(2.28) 
then 



B c K+l f{z) Blf{z) gg_i/(*) 



;z M h{z), 



B% +l f(z) 



<q{z) (zGU). 



In the particular case q(z) = 1+Mz; M > 0, the class of admissible functions <&h,2[Q, q], 
denoted by $ H)2 [Sl,M]. 

Definition 2.6. Let 0, be a set in C and M > 0. The class of admissible functions 
§H M] consists of those functions 4> '■ C 3 x U — > C such that 



(2.29) 



».r , k + K^^^ L + K(2k + k - l)Me 
1 + Me' , 1 H Me' , 1 H — ; -r- 1 : : 



n 



K k(k — 1) 

whenever z G W, « G C (« ^ 0, 1) and »(Le -< *) > (k — l)kM for allOeR, k > 1. 
Corollary 2.17. Xei G $H2[Q,M]. If f G .4 satisfy the following inclusion relationship: 



B c K+1 f{z) Blf{z) B c K _J(z)_ 



;z) GO, 



then 



B c K+1 f(z) 



\<Mz (zeU). 



In the special case fi = {w : \w — 1| < M} = q(U), the class ^^[f^M] is simply 
denoted by ^^^[M], and Corollary 12.171 takes following form: 

Corollary 2.18. Let <j) G $h,2[M]. If f G A satisfy the following inclusion relationship: 

'BUJ(z) B%f(z) B°_J(z) 



-;z 



< M, 



then 



B c K+1 f{z) 



1 



< M. 



Corollary 2.19. Let and M > 0. If f G A satisfy the following inclusion relation- 

ship: 



B c J(z) B° +1 f(z) 



< 



M 



then 



B c K+1 f{z) 



< M. 



Proof. This follows from Corollary 12.171 by taking (f>(u, v,w;z) = v — u. 



□ 



Corollary 2.20. Let > -§, k ^ and M > 0. If f G A satisfy the following 
inclusion relationship: 

B c J(z) 



1 



then 



B c K+1 f{z) 



< M, 



< M. 



Proof. This follows from Corollary 12.171 by taking (f)(u, v,w;z) = v — 1. 



□ 
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For f(z) = z/{\ — z) in Corollary 12,201 we have 



(2.30) 





< M => 


Z 





1 



< M. 



This result is gives a partial answer to open problem of given by Andras and Baricz [5]. 
For example if we take b = c = 1; p = —1/2 and p = 1/2, in (|2.30p . the following 
inequalies 



|cos \fz-\\ < M 
are true for M > 0. 



sin^/z 


< M 









sin i/z cos y/z 1 
i 3 



Z\ z 



< 



M 



3. Superordination and sandwich-type results of the B C K — operator 

In this section we obtain differential superordination for functions associated with the 
B C K — operator defined by For this purpose the class of admissible functions is given 

in the following definition. 

Definition 3.1. Let 0, be a set in C, q(z) G T~Lq with zq'(z) ^ 0. The class of admissible 
functions & H [Q, q] consists of those functions 4> ■ C 3 x U — > C that satisfy the admissibility 
condition 

4>(u, v, w;q) ^ Q, 



whenever 



and 



u 



zq'(z) + m(/c — l)q(z) 



WK 



(k g C, k ^ 0,1) 



k(k — l)w — (k — 2)(k — l)u 



{2k - 3) } < — 5ft 

m 



zq"{z) 
q'(z) 



+ 1 



V K — (k — l)u 

(z G U; ? G aW; m > 1) . 
Theorem 3.1. Zei G & H [£l,q]. If f G .A, #£ + i/ G Q and 

0(^ +1 /( 2 ),^/(^) J ^_ 1 /(^); 2; ) 

is univalent in U, then 

(3.1) O C {0 (B° +l f(z),B c J(z), B c K _ 1 f{z); z):zGU} 

implies 

q(z) ~< B c K+1 f(z) (zeU). 

Proof. Let p(z) be defined by ([22]) and ^ by <|21>j> . Since G 3>^[Q, 
yield 

O C {^(p(«), zp'(z), z 2 p"(z); 

From ()2.6p . we see that the admissibility condition for <f> G is equivalent to the 

admissibility condition for -0 as given in Definition [L3j Hence ip G ^'[fJ, q], and by Lemma 
II. 2\ we have 

g(z) -< p{z) or g (z) -< B c K+1 f{z) {z G W) 
which evidently completes the proof of Theorem 13.11 □ 

If ^ C is a simply-connected domain, then f2 = h(U) for some conformal mapping 
h(z) oili onto In this case, the class $' H [h(U),q] is written as &' H [h,q\. 

Proceeding similarly as in the previous section, the following result is an immediate 
consequence of Theorem 13.11 



([Z7ZD and ([33]) 
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Theorem 3.2. Let q(z) G %q, h{z) be analytic inU and <fi G $>' H [h,q\. If f G A, B^ +1 f G 
Qo and 

( p(B c K+1 f(z),B c J(z),B c K _ 1 f(z);z) 

is univalent in U, then 

(3-2) h(z) -< 4> {B c K+1 f(z),B c J(z), B c K _J(z); z) 

implies 

q{z)<B c K+1 f{z) (ZEU). 

Theorems 13.11 and 13. 2 1 can only be used to obtain subordinants of differential superordi- 
nation of the form (|3.ip ) or f|3. 2|> . The following theorem proves the existence of the best 
subordinant of (|3.2p for an appropriate <f>. 

Theorem 3.3. Let h(z) be univalent inU and cj) : C 3 xZY — > C. Suppose that the differential 
equation 

( zq'(z) + (K-l)q(z) z 2 q"(z) + 2(K-l)zq'(z) + (K-l)(K-2)q(z) \ 

has a solution q{z) G Qo- If 4> £ ^jflA>9]> / ^ A, B^ +1 f G Qo an d 

^{Bl +1 f{z),Blf{z),Bl_ l f{z)-z) 

is univalent in U, then 

h(z) -< < p(B^ +1 f(z),B c J(z),B c K _ 1 f(z);z) 

which implies 

q(z)^B c K+l f(z) (zeU) 

and q(z) is best subordinant. 

Proof. The proof is similar to the proof of Theorem 12. 51 and is therefore we omit the details 
involved. □ 

Combining Theorems 12.21 and 3.2, we obtain the following sandwich-type theorem. 

Corollary 3.4. Let h\(z) and qi(z) be analytic functions in U, h2(z) be a univalent 
function in U, q 2 (z) G Qo with qi(0) = 52(0) = 1 and 4> G ^H[h 2 , Q2] H $>' H [hi,qi]. If 
feA, B c K+1 f£Q nn and 

( p{B c K+1 f(z),B c J(z),B c K _ 1 f(z);z) 

is univalent in U, then 

h(z) ~< 4> {B c K+1 f(z), B c J(z),B c K _ 1 f(z);z) ~< h 2 (z) 

which implies 

qi {z)^B c K+1 f{z)<q 2 {z) (z€U). 

Definition 3.2. Let Q be a set in C, q{z) G H\ with q(z) 7^ 0, zq'(z) 7^ 0. The class of 
admissible functions & H ±[Q, q] consists of those functions <f) : C 3 x U — > C that satisfy the 
admissibility condition 

<p(u, v, w;q) G f2 

whenever 

u = q(z), v = ^—(^\ + Kq{z)-l] (« G C, K± 0,1,2) 
K — 1 \mq(z) J 



and 



(K - 1M(. - !)(, - .) + !-,]_ _ _ I <l 5R f^M + 1 

1 [K — l)v + 1 — ku ' J m { q'(z) 
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(zeW; q G dll; m > 1) . 
Theorem 3.5. Lei G $' H1 [0,g]. If f £ A, J^ f j( z) G Si a«d 



is univalent in U, then 

(3 - 3) "MHi^^'^7(ir'i5n7M ;2 J :26 " 

which implies 

Proof. Let p(z) be defined by (IXTUj) and ^ by (f2"TTTD . Since G $#^[0, g], it follows from 
(f2TT5D and (I23|) that 

n C {ip{p{z), zp'(z), z 2 p"(z);z) : z£U}. 

From (|2.17p . we see that the admissibility condition for (ft G ^^[f^g] is equivalent to 
the admissibility condition for ip as given in Definition 11.31 Hence ip G ^'[O, q], and by 
Lemma 11.21 we have 

q(z)<p(z) or q(z)< ^ f( f\ ( z G U) 

which evidently completes the proof of Theorem 13.51 □ 

If Q ^ C is a simply-connected domain, then f2 = h(U) for some conformal mapping 
h(z) oilA onto f2. In this case, the class <&' H ^hiU) , q] is written as $>' H1 [h,q]. Proceeding 
similarly in the previous section, the following result is an immediate consequence of 
Theorem 13.51 



Theorem 3.6. Let q(z) G Tii, h(z) be analytic in IA and (ft G &' H1 [h,q]. If f G A, 

iS/fe e Qi and 

B c J(z) BUfjz) BZ_ 2 f(z) 
Bl +1 f{zY B°J(z) 'B^JizY 

is univalent in U, then 
which implies 

Combining Theorems 12.111 and 13.61 we obtain the following sandwich-type theorem. 

Corollary 3.7. Let h\{z) and q\{z) be analytic functions in U, h,2(z) be a univalent 
function in U, q% (z) G Q\ with gi(0) = 92(0) = 1 and (ft G $H,i[h2,q2] H <&' H J/ii, q\\. If 

feA, ^} + [f {z) G Qi n Ux and 

B c J(z) Bl_J{z) Bl_ 2 f{z 

' 1 z 
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is univalent in 14, then 



which implies 



hl{z) * tow ' -WW' Bum 1 z ' ^ Mz) 

qi{z)< J^ffi -<g»(z) (zeU). 



Definition 3.3. Let Q be a set in C, q(z) G Hi with q(z) ^ 0, zq'(z) ^ 0. The class of 
admissible functions <I>^ 2 [f2,g] consists of those functions (ft : C 3 x U — > C that satisfy the 
admissibility condition 

<ft(u, v, w;s) G £1 

whenever 

u = q(z), v = K6L, Kf 0, 1) 



and 



J m [ g'(z) J 



v — -u 

qedU] m > 1) . 
Theorem 3.8. Zei G S^fi.g]. 7 / / e A G Qi and 

, ( BUM B%f{z) BUM 

<ft , , 2 

\ z z z 

is univalent in IA, then 

( 3. 5 ) ncL^.W.W^/M.l,^ 



which implies 



( \ . B% + \f{z) 
q{z) -< {z£U). 



Proof. From OT27]) and ([53]) that 

C {V'(t>(z),zp'(z),zV / (z);z) : z G . 

From (|2.25p . we see that the admissibility condition for (ft G <£^ 2 [f2,fl] is equivalent to 
the admissibility condition for ift as given in Definition 11.31 Hence ift G VP' [£2, q], and by 
Lemma 11.21 we have 



q{z)<p{z) or q(z) -< B *+ lf ^ (z G W). 



□ 



If f2 ^ C is a simply-connected domain, then $7 = fa(ZY) for some conformal mapping 
h(z) oitl onto fi. In this case, the class & H 2 [h(U), q] is written as & H2 [h,q]. Proceeding 
similarly in the previous section, the following result is an immediate consequence of 
Theorem 13.81 



Theorem 3.9. Let q(z) G Hi, h(z) be analytic in U and (ft G §>' H2 [h,q]. If f G A, 
. and 

'B c K+ iM B c J(z) BUM 



■■ z 
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is univalent in hi, then 

(3. 6) h[z) ^J^n*) B^ Bum 

\ z z z 

which implies 

q[z) -< — - {z£hi). 

Combining Theorems 12.161 and 13. 9( we obtain the following sandwich-type theorem. 

Corollary 3.10. Let h\(z) and q\{z) be analytic functions in hi, /^(z) be a univalent 
function in hi, q2{z) G Qi with (/i(0) = q2 (0) = 1 and (ft 6 ®H,2[h2, Q2] H <&' H 2 [hi,q{\. If 

f e A, B *+i f{z) e QiHHi and 

B c K+1 f(z) B%f{z) Bl_J{z) 
\ z z z 

is univalent in U, then 

-< 4> — , , ; z -< h 2 {z) 



which implies 



Remark 3.11. For special cases all of above results, we can obtain the results for the 
operators J p f{z), I p f(z) and S p f(z), which are defined by il.l2\) . U.13\) and (LJJty, 
respectively. 
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